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In this supplementary document we present detailed evaluations of all simulations
conducted in Section 5.3. of the paper “A Geometric Approach to Confidence
Sets for Ratios: Fieller’s Theorem, Generalizations, and Bootstrap” (called the
main paper below). For the general setup of the simulations, please see Section
5.3. of the main paper.

In general, the simulations compare the performance of three methods of com-
puting confidence sets for rations. As we conducted a huge number of differ-
ent simulations, numeric tables would become rather impractical and tedious to
parse. Hence, we decided to present all evaluations in a more compact graphical
form. For each simulation we show two color figures: one figure which compares
the empirical coverage of the different methods, and one figure which compares
the number of bounded confidence sets for the different methods.

One “row” of figures always refers to the same parameter settings. Those settings
are given as the title for each row, for example: X ∼ normal, Y ∼ exponential,
n = 100, nominal level 0.90. For details on how we define the distributions please
see the main paper. The parameter n represents the sample size, the “nominal
level 0.90” refers to the nominal confidence level 1 − α. Each experiment has
been repeated R = 1000 times, and the reported values are means over those
repetitions.

Each of the three subfigures in one row corresponds to one particular method of
computing the confidence sets: our geometric bootstrap method, Hwang’s boot-
strap method, and Fieller’s classical method. For definitions and implementation
of the different methods please see the main paper. Each subfigure shows the
results in a color-coded “table”. The two axes of the table correspond to the
parameters of the distributions of X and Y , respectively (indicated by the axes
labels in the figures; for details on distributional parameters see main paper).
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For each combination of parameters, we report the corresponding value in the
experiment as a color-coded square. The scale of the color-code is indicated on
the right hand side of each row. Note that color scales change between rows, but
are constant within rows.

We report two types of results:

The empirical coverage. This shows how well the confidence sets achieve their
nominal coverage level. In those figures, the colors are not on a “linear scale”.
Instead, the nominal confidence level 0.90 is always depicted in yellow, red colors
depict conservative and green/blue colors liberal confidence sets.

The fraction of bounded confidence sets. Here we report the fraction of repeti-
tions for which the confidence sets were bounded of the form [l, u]. Here, color
scales are “linear”.

For a summary of the conclusions which can be drawn from all simulations please
see the main paper.
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Empirical coverage
X ∼ normal, Y ∼ normal, n=100
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Empirical coverage
X ∼ normal, Y ∼ normal, n=1000
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Number of bounded confidence sets
X ∼ normal, Y ∼ normal, n=20
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Number of bounded confidence sets
X ∼ normal, Y ∼ normal, n=100
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Number of bounded confidence sets
X ∼ normal, Y ∼ normal, n=1000
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Empirical coverage
X ∼ exponential, Y ∼ normal, n=20
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Empirical coverage
X ∼ exponential, Y ∼ normal, n=100
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Empirical coverage
X ∼ exponential, Y ∼ normal, n=1000
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Number of bounded confidence sets
X ∼ exponential, Y ∼ normal, n=20
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Number of bounded confidence sets
X ∼ exponential, Y ∼ normal, n=100
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Number of bounded confidence sets
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Empirical coverage
X ∼ normal, Y ∼ exponential, n=20
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Empirical coverage
X ∼ normal, Y ∼ exponential, n=100
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Empirical coverage
X ∼ normal, Y ∼ exponential, n=1000
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Number of bounded confidence sets
X ∼ normal, Y ∼ exponential, n=20
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Number of bounded confidence sets
X ∼ normal, Y ∼ exponential, n=100
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Number of bounded confidence sets
X ∼ normal, Y ∼ exponential, n=1000
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Empirical coverage
X ∼ exponential, Y ∼ exponential, n=20

1

3

5

10

1 3 5 10

Geometric (equal−tailed, bootstrap−t)

mean(X)

m
ea

n(
Y

)

1

3

5

10

1 3 5 10

Hwang (equal−tailed, bootstrap−t)

mean(X)

Empirical coverage: X ~ exponential, Y ~ exponential,  n=20, nominal level 0.90

1

3

5

10

1 3 5 10

 
Fieller

mean(X)

 0.868

0.9

0.995

1

3

5

10

1 3 5 10

Geometric (symmetric, bootstrap−t)

mean(X)

m
ea

n(
Y

)

1

3

5

10

1 3 5 10

Hwang (symmetric, bootstrap−t)

mean(X)

Empirical coverage: X ~ exponential, Y ~ exponential,  n=20, nominal level 0.90

1

3

5

10

1 3 5 10

 
Fieller

mean(X)

 0.85

0.9

0.992

1

3

5

10

1 3 5 10

Geometric (equal−tailed, subsampling)

mean(X)

m
ea

n(
Y

)

1

3

5

10

1 3 5 10

Hwang (equal−tailed, subsampling)

mean(X)

Empirical coverage: X ~ exponential, Y ~ exponential,  n=20, nominal level 0.90

1

3

5

10

1 3 5 10

 
Fieller

mean(X)

 0.893
0.9

0.999

1

3

5

10

1 3 5 10

Geometric (symmetric, subsampling)

mean(X)

m
ea

n(
Y

)

1

3

5

10

1 3 5 10

Hwang (symmetric, subsampling)

mean(X)

Empirical coverage: X ~ exponential, Y ~ exponential,  n=20, nominal level 0.90

1

3

5

10

1 3 5 10

 
Fieller

mean(X)

 0.8990.9

1



22 ULRIKE VON LUXBURG AND VOLKER H. FRANZ

Empirical coverage
X ∼ exponential, Y ∼ exponential, n=100
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Empirical coverage
X ∼ exponential, Y ∼ exponential, n=1000
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Number of bounded confidence sets
X ∼ exponential, Y ∼ exponential, n=20
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Number of bounded confidence sets
X ∼ exponential, Y ∼ exponential, n=100
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Number of bounded confidence sets
X ∼ exponential, Y ∼ exponential, n=1000
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Empirical coverage
X ∼ Pareto, Y ∼ Paretoinverted, n=20
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Empirical coverage
X ∼ Pareto, Y ∼ Paretoinverted, n=100
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Empirical coverage
X ∼ Pareto, Y ∼ Paretoinverted, n=1000
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Number of bounded confidence sets
X ∼ Pareto, Y ∼ Paretoinverted, n=20
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Number of bounded confidence sets
X ∼ Pareto, Y ∼ Paretoinverted, n=100
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Number of bounded confidence sets
X ∼ Pareto, Y ∼ Paretoinverted, n=1000
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Empirical coverage
X ∼ Pareto, Y ∼ normal, n=20
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Empirical coverage
X ∼ Pareto, Y ∼ normal, n=100
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Empirical coverage
X ∼ Pareto, Y ∼ normal, n=1000

0.1
1

3

5

10

1.1 1.3 1.5 1.7 1.9 2.1 2.3 2.5

Geometric (equal−tailed, bootstrap−t)

Tail index a of X

V
ar

(Y
)

0.1
1

3

5

10

1.1 1.3 1.5 1.7 1.9 2.1 2.3 2.5

Hwang (equal−tailed, bootstrap−t)

Tail index a of X

Empirical coverage: X ~ pareto, Y ~ normal,  n=1000, nominal level 0.90

0.1
1

3

5

10

1.1 1.3 1.5 1.7 1.9 2.1 2.3 2.5

 
Fieller

Tail index a of X

 0.218

0.9
0.989

0.1
1

3

5

10

1.1 1.3 1.5 1.7 1.9 2.1 2.3 2.5

Geometric (symmetric, bootstrap−t)

Tail index a of X

V
ar

(Y
)

0.1
1

3

5

10

1.1 1.3 1.5 1.7 1.9 2.1 2.3 2.5

Hwang (symmetric, bootstrap−t)

Tail index a of X

Empirical coverage: X ~ pareto, Y ~ normal,  n=1000, nominal level 0.90

0.1
1

3

5

10

1.1 1.3 1.5 1.7 1.9 2.1 2.3 2.5

 
Fieller

Tail index a of X

 0.211

0.9

0.994

0.1
1

3

5

10

1.1 1.3 1.5 1.7 1.9 2.1 2.3 2.5

Geometric (equal−tailed, subsampling)

Tail index a of X

V
ar

(Y
)

0.1
1

3

5

10

1.1 1.3 1.5 1.7 1.9 2.1 2.3 2.5

Hwang (equal−tailed, subsampling)

Tail index a of X

Empirical coverage: X ~ pareto, Y ~ normal,  n=1000, nominal level 0.90

0.1
1

3

5

10

1.1 1.3 1.5 1.7 1.9 2.1 2.3 2.5

 
Fieller

Tail index a of X

 0.164

0.9
0.994

0.1
1

3

5

10

1.1 1.3 1.5 1.7 1.9 2.1 2.3 2.5

Geometric (symmetric, subsampling)

Tail index a of X

V
ar

(Y
)

0.1
1

3

5

10

1.1 1.3 1.5 1.7 1.9 2.1 2.3 2.5

Hwang (symmetric, subsampling)

Tail index a of X

Empirical coverage: X ~ pareto, Y ~ normal,  n=1000, nominal level 0.90

0.1
1

3

5

10

1.1 1.3 1.5 1.7 1.9 2.1 2.3 2.5

 
Fieller

Tail index a of X

 0.247

0.9

0.998



36 ULRIKE VON LUXBURG AND VOLKER H. FRANZ

Number of bounded confidence sets
X ∼ Pareto, Y ∼ normal, n=20
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Number of bounded confidence sets
X ∼ Pareto, Y ∼ normal, n=100
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Number of bounded confidence sets
X ∼ Pareto, Y ∼ normal, n=1000
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Empirical coverage
X ∼ normal, Y ∼ Pareto, n=20
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Empirical coverage: X ~ normal, Y ~ pareto,  n=20, nominal level 0.90
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Empirical coverage: X ~ normal, Y ~ pareto,  n=20, nominal level 0.90
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Empirical coverage: X ~ normal, Y ~ pareto,  n=20, nominal level 0.90
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Empirical coverage: X ~ normal, Y ~ pareto,  n=20, nominal level 0.90
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Empirical coverage
X ∼ normal, Y ∼ Pareto, n=100
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Empirical coverage: X ~ normal, Y ~ pareto,  n=100, nominal level 0.90
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Empirical coverage: X ~ normal, Y ~ pareto,  n=100, nominal level 0.90
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Empirical coverage: X ~ normal, Y ~ pareto,  n=100, nominal level 0.90
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Empirical coverage: X ~ normal, Y ~ pareto,  n=100, nominal level 0.90
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Empirical coverage
X ∼ normal, Y ∼ Pareto, n=1000
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Empirical coverage: X ~ normal, Y ~ pareto,  n=1000, nominal level 0.90
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Empirical coverage: X ~ normal, Y ~ pareto,  n=1000, nominal level 0.90
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Empirical coverage: X ~ normal, Y ~ pareto,  n=1000, nominal level 0.90
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Empirical coverage: X ~ normal, Y ~ pareto,  n=1000, nominal level 0.90
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Number of bounded confidence sets
X ∼ normal, Y ∼ Pareto, n=20
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Number of bounded confidence sets
X ∼ normal, Y ∼ Pareto, n=100
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Number of bounded confidence sets
X ∼ normal, Y ∼ Pareto, n=1000
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Empirical coverage
X ∼ exponential, Y ∼ Pareto, n=20
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Empirical coverage: X ~ exponential, Y ~ pareto,  n=20, nominal level 0.90
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Empirical coverage: X ~ exponential, Y ~ pareto,  n=20, nominal level 0.90
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Empirical coverage: X ~ exponential, Y ~ pareto,  n=20, nominal level 0.90
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Empirical coverage: X ~ exponential, Y ~ pareto,  n=20, nominal level 0.90
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Empirical coverage
X ∼ exponential, Y ∼ Pareto, n=100
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Empirical coverage: X ~ exponential, Y ~ pareto,  n=100, nominal level 0.90
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Empirical coverage: X ~ exponential, Y ~ pareto,  n=100, nominal level 0.90
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Empirical coverage
X ∼ exponential, Y ∼ Pareto, n=1000
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Number of bounded confidence sets
X ∼ exponential, Y ∼ Pareto, n=20
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Number of bounded confidence sets
X ∼ exponential, Y ∼ Pareto, n=100
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Number of bounded confidence sets
X ∼ exponential, Y ∼ Pareto, n=1000
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Empirical coverage
X ∼ Pareto, Y ∼ exponential, n=20
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Empirical coverage
X ∼ Pareto, Y ∼ exponential, n=100
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Empirical coverage
X ∼ Pareto, Y ∼ exponential, n=1000
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Number of bounded confidence sets
X ∼ Pareto, Y ∼ exponential, n=20
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Number of bounded confidence sets
X ∼ Pareto, Y ∼ exponential, n=100
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Number of bounded confidence sets
X ∼ Pareto, Y ∼ exponential, n=1000
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Empirical coverage
X ∼ Pareto, Y ∼ Pareto, n=20
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Empirical coverage
X ∼ Pareto, Y ∼ Pareto, n=100
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Empirical coverage
X ∼ Pareto, Y ∼ Pareto, n=1000
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Number of bounded confidence sets
X ∼ Pareto, Y ∼ Pareto, n=20
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Number of bounded confidence sets
X ∼ Pareto, Y ∼ Pareto, n=100
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Number of bounded confidence sets
X ∼ Pareto, Y ∼ Pareto, n=1000
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